Truong THPT Lé Quy Péon BAI TAP TOAN KHOI 11 - HOC Ki I

Chuong 1. HAM SO LUQNG GIAC VA
PHUONG TRINH LUONG GIAC
§0. ON TAP CONG THUC LUQNG GIAC

1. Duong tron lwong giac

Puong tron leong giac 1a dwong tron dinh hwdéng ¢6 tam O, ban kinh bang 1
trong mat phang toa do Oxy .

Véi mdi s8 thue «, ton tai duy nhat mot diém M thudc duwong tron lugng giac sao
cho (Ox,0M)=a.

) t

tryc cotang

Q $-------3 o M

fruc cosin

truc sin tryc tang

Ta co:
sina = O_Q, truc Oy la truc sin;
cosa = ﬁ’, truc Ox la truc cos;
09
oP

tan o = =OK , truc At 1a truc tang;

OP —
cota = 0= = BL, truc Bu la truc cotang.

2. Gia tri lwgng gidc cua cac cung goc dac biét
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3. Cac hé thiec lwgng gidc co ban va cac hé qua

e sin‘x+cos’x=1

sin x
e tanx=
COSX
COSX
e cotx=—
sin x

e tanx.cotx=1

4. Cac cung lién két (cos ddi — sin bt — phu chéo — hon kém = tan)

Cung d6i nhau (t6ng bang 0)

Cung bu nhau (t6ng bang 7)

cos(—a) =cosa
sin(—a) =—sina
tan(—a ) =—tana

cot(—a)=—cota

sin(7—a) =sina
cos(z—a)=—cosa

tan(7—a)=—tana

cot(7—a)=—cota

Cung phu nhau (t6ng bang %)

Cung hon kém % (hi¢u bang %)

(7
sin| ——a |=cosa
(2 j
r :
cos| ——a |=sina
(2 j
r
tan| ——a |=cota
2
r
cot| ——a |=tana
2

(7
sin| —+a |=cosa
(2 j
r :
cos| —+a |=—sina
(2 j
r
tan(5+aj:—cota

T
COt(E-FO(J:—taHOC

Cung hon kém 7 (hiéu bang 7)

Trueong hop dac biét

sin(7+a)=-sina
cos(z+a)=—cosa
tan(7+a)=tana

cot(7 +a)=cota

sin(a +k27) =sina
cos(a +k27)=cosa
tan(a +kz)=tana

cot(a+kr)=cota

5. Cong thitc cong
e sin(a+b)=sinacosb*cosasinb
e cos(atb)=cosacosbFsinasinb
. tan(aib): tinaitanb
lFtanatanb
6. Cong thirc nhan do6i
e cos2a=cos’a—sin‘a
=2cos’a—1
=1-2sin’a
7. Cong thtec ha bac

. 2 1-cos2a
e sinng=———
2

e sin2a=2sinacosa

2tana
° tan2a:—2
1-tan“ a

) 1+cos2a
cos g =——m
2
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8. Cong thttc nhan ba

e sin3a=3sina—4sin’a e cos3a=4cos’a—3cosa

A , g o X . a
9. Cong thitc biéu dien sina, cosa, tana theo ¢ =tan—

(a¢7z+k27z)
e sina= 2 - e tana= 2
1+£ ° Cosa_1+12 1-#

10. Cong thirc bién ddi tong thanh tich 11. Cong thitc bién d6i tich thanh tong

a+b a—->b
cosa+cosb=2cos

cos
a+b  a-b cosa.cosb = l[cos(a—b)+cos(a+b)]
cosa—cosh=-2sin sin 5 21
‘ . Caib  a—b sina.sinb = E[cos(a—b) —cos(a+b)]
sina +sinb =2sin cos 1
sina.cosb = —[sin(a—b)+sin(a+b) ]
. ) a . a—-b 2
sina —sinb =2cos sin

12. Cac cong thitc quan trong thwong dung
e sin*a+cos*a=1-2sin’a.cos’a
o sin®a+cos®a=1-3sin’ acos’a

° sina+cosa=\/§.sin(a+%j=\/§.cos(a—%j
e sina-—cosa= 2sin(a—%j:—\/§cos(a+%j

§1. HAM SO LUONG GIAC

1. Him s6 y =sinx

Dinh nghia: Quy tic dit trong ting mdi s8 thiee x véi s6 thuee sinx dwoc goi 1a
ham s0 sin, ki hiéu: y=sinx.

Tinh chat: Ham s6 y =sinx:

e Tap xacdinh: D=R. Tap gid tri: T =[-1L1].

e Lahams01é, tuan hoan v6i chu ky 27 .
e Ham s0 dong bién trén (—%—i— k2m 2 + k27zj;
nghich bién trén (% + k27z;37ﬂ + k27zj .

e DO thila duong hinh sin va nhan goc toa d6 O 1lam tam doi xtng.
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2. Ham s6 y =cosx

Dinh nghia: Quy tic dit teong ting mdi s8 thiee x véi s6 thuee cosx duwegc goi la
ham s cosin, ki hiéu: y =cosx.
Tinh chat: Ham s& y =cosx:

e Tapxacdinh: D=R.Tap gid tri: T = [—1;1] .

e Laham s8 chdn, tuan hoan véi chu ky 27 .

e Ham s8 dong bién trén (-7 + k27;k27);

nghich bién trén (k27r; T+ k27r) .

e DO thila duong hinh sin va nhéan truc tung lam truc d6i xng.

3.Ham sd y=tanx

sin x

Pinh nghia: Ham s duoc xac dinh boi cong thire y =

(cosx#0) 1a ham s&
COS X

tang, ki hiéu: y =tanx.
Tinh chat: Ham s6 y =tanx:

e Tap xdc dinh: D:R\{%+kﬂ,keZ}.Tépgiétri: T=R.

e Laham sd1é, tuan hoan véi chu ky 7.

e Ham s6 dong bién trén (—% + kﬂ';% + kﬂ'j .

e D6 thi nhan géc toa d¢ O lam tam d6i xtéing va nhan moi duong x = %+ krx

lam tiém can.
Ay

O

= |

b3
Lo
ol g

(a]

=

4. Ham s8 y=cotx

. - \ o L e A , COS X
Dinh nghia: Ham s6 dwoc xac dinh boi cong thitc y =

(sinx #0) la ham so
sin x

cotang, ki hiéu: y =cotx.

Tinh chat: Ham s& y =cotx:

e Tap xac dinh: D=R\{k7z,keZ}. Tap gid tri: T =R.

e Laham sd1é, tuan hoan v6i chuky 7.
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e Ham s8 nghich bién trén (kz; 7 +kx).

e Db thi nhan goc toa &6 O lam tam d8i xting va nhan mdi duwong x = kz lam

tiém can.
i vk : i
i (@) | |
—27 \—T s i
Luu y:
s : . . . 2z
e Cachamsd y=m.sin(ax+b)+n va y=mcos(ax+b)+n c6 chuky T0=W.
a
Vé Ay A \ /4 \ 7[
e Cachamsd y=m.tan(ax+b)+n va y=mcot(ax+b)+n c6 chuky T, :H'
a
Chay: Véi keZ ta co:
. r
sinx20&< x#kx s1nx¢i1<:>x¢i5+k27z
r
cosx;t0<:>x;t3+k7r cosx#l< x#k2rn cosx#—l< x2r+k2n
r
tanx 20 x £k cotx¢0<:>x¢3+k7z
7 A - A ﬂ- 7 A - A
tan x cO diéu kién x¢5+k7z cotx co diéu kién x # krx

Vén dé 1: Tim tap xac dinh ctia ham s6 luwgng giac
Nam viing tap xac dinh cua cac ham sd sin x, cosx, tan x, cot x.
Chuay:

f(x) xdc dinh khi f(x) xdcdinhva f(x)>0.

1
xac dinh khi f(x) xac dinh va f(x) #0.
S (%)
Bai tap
Tim tap xac dinh ctia cac ham sd sau:
=tan2 cot
a) y=tan2x f y-= X
b) y=cot(3x-2) cosx+1

c) y=tan3x—2cot2x
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d) y= 1 ) _ 2016c¢cosx
Y sin2x—1 & tan x +1
1 1 1
e) y= - h) y=-— 7 7
cosx Ssinx sin” x+cos” x—1

i) y=n/sin’ 2x—2sin2x+3

Van dé 2: Xét tinh chin, 1é cia ham s6
Choham sd y= f(x) (VxeD).

e flahamsdchin < véimoi xeD,tacd —xeD va f(-x)=f(x).

o flahamsdlé < véimoi ¥X€D tacd ¥€D va f(-x)=-1(x).

Bai tap
Xét tinh chan, 1é ctia cadc ham sd sau:
a) y=x-sinx f) y=tan’x—x
b) y=3sinx-2 g) y=+l-cosx
c) y=sinx—cosx h) y=sin|x|[+1

d) y=sinx.cosx+tanx i) y=sin(2x)+x’

cos X :
e) y= . sin x

) y=

X o3y 42

Vin dé 3: Chitng minh /' (x) 1a ham s6 tudn hoan ¢ chu ky 7T
x-TeD

x+TeD’

Chting minh f(x+7)=f(x); VxeD.

Giasttc6sO T': 0<T'<T va T' thoa:

xxT'eD

{f(erT'):f(x), VxeD
Vay f(x) la ham s8 tuan hoan theo chu ky 7.

Tim tap xac dinh D: xeD:{

= voly

Bai tap

Xét tinh tuan hoan va tim chu ky ctia cac ham s6 sau:

a) y:s1n2‘x C) y=tan(x+£j
b) y=x+sinx 4
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Van dé 4: Tim gié tri 16n nh4t va gia tri nho nhat ctia ham lugng giac
Dung cac tinh chat:

e —I<sinx<1, VxeR e 0<sin’x<I VxeR
o —1<cosx<L,VxeR e 0<cos’x<l, VxeR
Bai tap

Tim gia tri I6n nhat va gid tri nho nhat cua cac ham s6 sau:

a) y=3-2sin(2x) _ cosx+2sinx—3

i) y=5 , 7
b) y=+3sinx+cosx cosx—sinx+
¢) y=cos’x—2cosx—4 )] y=\/0052x+6cosx+14
d) y=5+4sinx+sin’x K) y:3§1nx+8
sinx+2

e) y=\/5—4sinx+sin2x

¢ ~ _ N I) y=cosx tréndoan | —;Z
) y=(cosx—sinx—2+2) -1 372

g) y=23in2x+2\/§sinxcosx+4coszx+1 3cos’ x+8
m) y=——s——

cos" x+2
h) y=cos(x+7)-2 n) y =|sinx|+|cos x|

§2. PHUONG TRINH LUONG GIAC CO BAN

1. Phuong trinh sinx =m (1) (m 1a hiang sd)

e |m|>1thi (1) v nghiém vi [sinx|<1 véi moi x.

e |m|<1 thinéu o la mot gid tri ding sao cho m =sina.
x=a+k2rx

(keZ)

Khi d¢, (1) < sinx =sina <
x=rn—a+k2x

Néu khong tim duoc gia tri dang o thi:
x=arcsinm+k2x
sinx=m < _ (keZ) arcsinme| — ;%
x=sm—arcsinm+k2rx 2°2
u=v+k2z

(keZ)

Tong quat: sinu =sinv <
u=nr—-v+k2r

(vOi u,v1a cac biéu thirc chira x)
Mot s6 treong hop dac biét:

o sinx=0=x=krx (keZ)
. sinx:1<:>x:%+k27z (keZ)
. sinx:—lex:—%+k2ﬂ (keZ)
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2. Phuong trinh cosx=m (2) (m 1a hang sd)
) |m| >1 thi (2) vO nghiém vi |cosx| <1 véimoi x.
e |m|<1 thinéu o la mdt gid tri ding sao cho m=cosa.

x=a+k2x

Khi d6, (2)<:)cosx:cosa<:{ (keZ)

x=—a+k2r
Néu khong tim duoc gia tri dang o thi:
x =arccosm+ k2w
COSX =m < (keZ) arccosme| - 2. %
x =—arccosm+k2x 22
Tong quat: cosu =cosv < u=1v+k27 (keZ) (v6i u,vla cac bi€u thire chira x)

Mot s6 treong hop dac biét:

o cosx=0<:>x:%+k7z (keZ)
e cosx=l<x=k2x (keZ)
o cosx=-lox=x+k2x (keZ)
3. Phuong trinh tanx=m (3) (m 1a hiang sd)

Phuong trinh luoén cé nghiém Vm .
Néu o 1a mot gia tri ding sao cho m=tana.

Khi d6, (3) < tanx=tana < x=a+krx (keZ) ae(—%;%)j
Néu khong tim duoc gia tri dang o thi:
tanx = m < x = arctan m+kx (keZ) arctanme(—%;%jj

Tong quat: tanu =tanv<u=v+kr  (ke€Z) (v6i u,vla cdc biéu thite chira x)

Mot s6 treong hop dac biét:

e tanx=0osinyx=0<x=krx (keZ)
e tanx=+le>x=+"+krx (keZ)
4. Phuong trinh cotx =m (4) (m 1a hiang sd)

Phuong trinh luoén cé nghiém Vm .
Néu o 1a mot gia tri dung sao cho m =cota .

Khi d6, (4) < cotx=cota < x=a+krx (keZ) (O{E(_%;%D
Néu khong tim duoc gia tri dang « thi:
cotx =m <> x =arccotm+kx (keZ) (arccotme(O;;z))

Téng quat: cotu =cotvu=v+kr  (keZ) (v6i u,vla cdc biéu thire chira x)

Mot s6 treong hop dac biét:

. cotx:0<:>cosx:0<:>x=%+k7z (keZ)
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. cotx:ildx:i%+k7r (keZ)
Bai tap
Bai 1. Giai cac phuong trinh sau
T
a) sinx=—£ d) cot iz :ﬁ g) cos2x=cos(x——}
2 3) 3 4
. 2 1 h) cos3x—sin2x=0
b) cos 3x—g R €) smx=7 i) tanx.tan2x=-1
¢) tan(3x-30")=-1 ) Cos(x+3):%

Bai 2. Giai cac phuong trinh sau
a) 2cos(3x+%} =1
b) 2005(3x+ j+[ 0

Bai 3. Giai cac phuong trinh sau
a) ZSin( “3x+ j J3=0
b) 251n(—x+ j+«/7 0

Bai 4. Giai cac phuong trinh sau

a) 3tan( —3x+— j J3=0
b) tan(2x+ j+\/_ 0
) 3cot(3x+ j J3=0

Bai 5. Giai cac phuong trinh sau

a) cos(3x+ j+cos(x—%)=0
T
b) sm(3x+ j+s1n(x+6J 0
sm(3x+ j—cos()ﬁ;gj 0
d) cos( —Sx+— j—sm(—x+%j20

d)

d)

g) t

h)

10

T s
cos| 2x+— |=cos| x——
( 3j ( 3j
27 T
cos| 3x+— |—cos| —x+—|=0
3 3

T
X
3
sin(3x+£j—sin(—x+£j =0
3 3

3cot(2x+ j+\/_ 0

tan(2x—%j—tanx20

cot(3x—£j—cot(x+2—ﬁj=0
3 3

(c3e-)osin{x-2) 0
(2 se{ e )
ol -] m( 1) 0
an{x- 2 seo{ 5610

CoS
sin
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Bai 6. Giai cac phuong trinh sau

s 2 2
a) sin"3x—sin"x=0 . 7
) . L e) sin®x+cos®x=—
b) sin’3x—sin’ x=0 1
c) sin*2x-cos*2x=0 f) sin7x.cosx =sin5x.cos3x

g) cos5x.cosx =cos4x.cos2x

7
d) sin*x+cos*x=—
) g TR h) sin7x.sin3x =sin”5x

Bai 7. Dinh m d€ cac phuwong trinh sau c¢6 nghiém

a) —3sin(2x+%)+m2—1:0 b) (2m+5)cosx—3=m—cosx

Bai 8. Dinh m d€ cac phwong trinh sau v6 nghiém

a) 2sin(—x+%}+m2—420 b) msinx+1=2(sinx+m)

§3. MOT SO DANG PHUONG TRINH LUONG GIAC CO BAN

1. Phwong trinh bac nhat d6i v6i mot ham s6 lugng giac
Phuong trinh bac nhat d6i véi mot ham s6 lwgng giac 1a phuong trinh ¢6 mot
trong nhitng dang sau:
asinx+b=0 ; atanx+b=0
acosx+b=0 ; acotx+b=0
Trong d6: a,b 1a nhitng héng s8 (a #0).
Phuong phap giai:
Chuyén vé va chia hai vé cia phuong trinh cho «, ta dwa phuong trinh vé phuong
trinh Iwong giac co ban.
2. Phuong trinh bac hai d6i véi mot ham sé lwong giac
Phuong trinh bac hai d6i véi mot ham s6 luong giac la phuwong trinh ¢6 mot trong
nhitng dang sau:
asin’ x+bsinx+c=0 ; atan’ x+btanx+c=0
acos’x+bcosx+c=0 : acot’ x+bcotx+c=0
Trong d6: a,b,c 1a nhiing hang s (a #0).
Phuong phap giai:
bat biéu thic luong giac lam an phu va dat diéu kién cho an phu (néu an phu la
ham tan hodc cot) r6i giai phuwong trinh bac hai theo an phu nay. Cudi cung ta dua
vé viéc giai cac phwong trinh luong gidc co ban.

11
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Bai 1. Giai cac phuong trinh sau
a) 2sin ( —3x+ ) J3=0
b) 2sin (—x + ) +/2=0

Bai 2. Giai cac phuong trinh sau

a) 3tan( =3x+— j J3=0
b) tan(2x+ j+\/_ 0
Q) 3cot(3x+ j J3=0

Bai 3. Giai cac phuong trinh sau

a) 2sin’x+3sinx-2=0
b) 3cot’x+3cotx—2=0
c) 3cos’x—5cosx+2=0
Bai 4. Giai cac phuong trinh sau

1) 2cos’x—5cosx+2=0

2) 2sin’x+5sinx+2=0

3) 2cos’4x+5cos4x+3=0

4) 4coszx—2(\/§—1)cosx—\/§=0
5) tan’2x— (3 +1)tan2x+~/3=0

6) cot’2x—(2+~2)cot2x+1+/2 =0

7) 2cos2x—7sinx=0

8) cos4x+6="7cos2x

9) 12cos’ x+sinx—1=0

10) 2sin® 2x—10sin xcosx+3=0

11) 5005x+15005§+10=0

12) sin® 2x+coszx—%=0
13) cos4x+12sinxcosx—5=0
14) 2cos* x—5sin* x—2=0

15) +tanx—-3=0

COS X

BAI TAP TOAN KHOI 11 - HOC Ki I

Bai tap

2cos(3x+%j:1

d) 2cos(3x+%j+x/§zo

(@)
~

d) 3cot(2x+ J+\/_ 0

e

) tan(2x—%)—tanx=0
T 2

f) cot(3x——j—cot(x+—j=0
3 3

d) 3tan’ x— 23 tanx+1=0
e) tan’x-3tan’x—2tanx+4=0
f) 4sin’ x+4sin’ x—3sinx =3

—2\/§cotx—6=0

16)
mn X

1
cos® 2x

17) tan’ 2x—3tan2x = 4 —

18) tanx+2cotx—3=0

19) (sin x +cosx)’ +cos4x—1=0

20) cos8x +sin’ xcosx —cos’ xsinx—1=0
21) cos® x +sin® x = cos 2x

22) cos 5xcos x = cos 4xcos2x +3cos’ x +1

23) cos” x +sin* x —sin 2x +%sin2 2x=0
6 . 6 15 1
24) cos’ 2x +sin 2x:§cos4x—§

+tan’x—9=0

25)
COS X

26) 4(sin2x+ _12 j+4(sinx+ '1 J—7:0
sin” x sin x

27) tan® x +cot” x + 2(tan x +cot x) = 6
28) (1+sin2x)(1—tanx) =1+ tan x

12
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Bai 5. Giai cac phuong trinh sau
2 T
a) cos 2X+T +3cos x+§ +1=0
b) 2sin’ (2x+%j—6sin(x+%jcos(x+%)+ 2=0

) cos(2x—%)+5cos(%{—x)+3=0

d) 2sin(x+z)cos(x+£j—cos(4x+£j—2:0
3 3 3

3. Phuong trinh bac nhat d6i véi sinx va cosx
asinx+bcosx=c (a2+b2¢0) (1)
Phwong phadp giai:
Chia hai v€ cia phuwong trinh cho Va’ +b° , ta duoc:
a
2

b c
1) — —_— _—
( ) Ja® +b? Ja® +b? Ja* +b?

2 2
Vi( a4 j +( b j =1 nén ton tai goc a €[0;27] sao cho
Ja' +b? a’+b*
cosa—L va sina—L
Na® +b? Ja* +b*

Khi d6, phuong trinh (1) ¢6 dang:

C

(phuong trinh co ban)

sinu + cosu =

sinx.cosa +cosxsina =

c
Ja® +b*

Diéu kién c6 nghiém ctia phuong trinh (1):

< sin(x+a)=

<l a*+b* >,

c
Ja* +b?

Bai tap
Bai 1. Giai cac phuong trinh sau
a) sinx++/3cosx=1 d) 2sinx+2cosx—~2=0
b) cosx—\/gsinxzx/z e) cosx—+/3sinx=2cos3x
c) 3sin3x—4cos3x=5 f) sin 9x ++/3 cos 7x = sin 7x + /3 cos 9x

Bai 2. Giai cac phuong trinh sau

e) Ssinx+12cosx=12

a) sin2x—+3cos2x+2=0 f) 3sinx—5cosx=-3

13
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b) /3cos2x—sin2x=+/3 g) —v2cos2x—~/6sin2x =2
C) cos2x++/3sin2x+1=0 h) —33sinx+3cosx=~/18

d) V3sinx—cosx =+/2

Bai 3. Giai cac phuong trinh sau

a) sin 3x —~/3 cos 3x = 2sin 4x
b) sin 5x++/3 cos 5x +2cos 7x = 0

c) sin2x—cos2x = \/Esin(x—%j

i) (sinx+cos x)2 =3 cos2x

i) (sinx—cosx) +2cos’ x=1
k) (sin 2x+/3 cos 2x)2 =5+ cos(2x—%)
32

1) sin(x+£j+sin(x—£j:
e) \/g(sin3x+sinx):cos3x+cosx 4 4 2
f) sin8x—cos6x—\/g(sin6x+c0s8x):Om) 4sin(x+£]+2cos(x—£j—3ﬁ=0
4 4

d) V3sin 7x —cos 7x = 2sin (Sx—%)

3 =3
x/gcosx+sinx—1

g) Sin(%+2xj+ 3Sin(7z—2x):2 n) \/§COSX+Slnx_

. : T V4
h) 2cos(2x+%)+4sinxcosx—l=0 0) 8s1nxsm2x+6sm(x+zjcos(z—2xJ—5+7cosx

Bai 4. Tim tap xac dinh cua cac ham s6 sau

sin x +cos x 5
b)

a =— Yy ) )
) Y sinx+2cosx+1 /7 sin3x — 4sin x —3cos 3x
Bai 5. Tim gia tri 16n nhdt va gia tri nhé nhat cua cac ham s6 sau
a) y=4sinx—-3cosx+2 b) y=sin2x+2\/§c052x+3
Bai 6. Dinh m d€ cac phuwong trinh sau v6 nghiém
a) msinx+(m+1)cosx=1 b) m(sinx+cosx—1)=sinx—cosx+3

Bai 7. Dinh m d€ cac phuwong trinh sau c¢6 nghiém

a) (m—1)sinx—(m+1)cosx=m+3 b) msinx+(m—7)cosx=1

4. Phuong trinh thuin nhét bac hai d6i v6i sinx va cosx
asin® x+bsinx.cosx+ccos’ x =d (a,b,c#0) (2)

Phuong phadp giai: Ta xét 2 truong hop:
e THI1: Xét xem cosx=0< x =§+k7r (keZ) (:> sin” x = 1) c6 thda man phuong
trinh (2) hay khong.

e TH2: Xét cosx¢0<:>x¢§+k7z (keZ).

Chia hai v& ctia phuong trinh (2) cho cos® x ta dugc:
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sinx  sinx.cosx  cos’x d
(2) = a—7F—+b ——tc——=——
cos’ x cos’ x cos’x  cos’x
S atan’ x+btanx+c = d(1+tan2 x)
< (a-d)tan’ x+btanx+c—d =0 (Phuong trinh bac hai theo tan x )
Két ludn: Nghiém cta phuong trinh (1) 1a hop nghiém caa TH1 va TH2.
Luuy:
e Ta c6 thé dung cong thirc ha bac d€ dua phuong trinh vé phuong trinh bac

nhat doi vdi sin2x va cos2x:

1—cos2x sin2x  1+cos2x
a +b +c =

2 2 2
o D&i v6i phuong trinh déng cap bac ba:

d

asin® x +bsin’® xcosx+csinxcos’ x+dcos’ x=e
hay phuong trinh bac bon trung phuong:
asin® x +bsin® xcos’ x+ccos’ x=d

phuwong phap giai twong tu.
Bai tap
Bai 1. Giai cadc phuong trinh sau
a) 2sin’ x—5sinx.cos x —cos’ x = -2 ) ~3sin2x+2cos’x—1=0
b) 4sin® x—3+3sin2x—2cos’ x = 4 d) 2cos’ x+3sin2x—8sin’x=0

Bai 2. Giai cac phuong trinh sau

a) 3sin’x+8sinxcosx+4cos’x=0 _ L, _ ,
b) (\/§+l)sin2x_z\/gsinxcos)C:(l_\/g)COSzx 1) —\/ESIII x+Sln2x+\/§COS x_l:()
j) 4sin® x+3+/3sin2x—2cos’ x =4

.2 . 2 _
¢) 3sin®x—5sinxcosx+4cos’x =4 k) 3sin” x—4sin2x+5cos” x—2cos2x =0

d) 2sin’ x—4sin2x+8cos’ x =1

e) 5sin® x+6+/3 sin xcos x—cos’ x =5 ) 9sin® x—15sin2x+25cos” x =25

.3 3 .
. . m) 2sin” x+4cos” x =3sinx
f) 6sin’ x+sinxcosx—cos’x—2=0 ) 7 , , \
342 n) sin’ x+sin2xsinx—3cos’ x=0
0) 4sin® x+5sin*2x—16cos* x+5=0

p) 3sin*x+5cos*x-3=0

g) sin’ x++/3sinxcosx+2cos’ x = 5

h) 3sin’ x++/3sin2x=3
Bai 3. Tim tap xac dinh cua cac ham s6 sau
tan x b) 2sinx—+/x—-3
Y= »
2sin’ x+3sinxcos x —5cos” x—2
Bai 4. Tim gia tri 16n nhat va gia tri nhé nhat cua cdc ham sd sau

a) y=
sin® x —~/3sin2x —cos”* x—1

a) y=2sin’x+3sinxcosx—5cos’ x—2 b) y=4sin’ x+3sin2x—2cos’ x—2

15
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5. Phuong trinh d6i xtrmg véi sinx va cosx
a(sinx+cosx)+bsinxcosx+c=0 (3)

Phuong phap giai:
bat t:sinx+cosx:\/§sin(x+%) (te[—\/g;\/g})

. 2 .
= > =(sinx+cosx) =1+2sinxcosx

-1

= SINXCOSX =

Khi d6, phuong trinh (3) trd thanh:
2

at+b

+c=0 (phuong trinh bac hai theo ¢)
Giai phwong trinh trén tim dwoc ¢ va so voi diéu kién ¢ e [—\/5 2 } .
Thay ¢ = \/Esin(x+%j dé tim x.

6. Phuong trinh phan xing v6i sinx va cosx
a(sinx—cosx)+bsinxcosx+c=0 (4)

Phwong phadp giai:
Dat t:sinx—cosxzx/zsin(x—%] (te[—ﬁ;ﬁ])

. 2 .
= > =(sinx—cosx) =1-2sinxcosx

. 1-¢
—>SINXCOSX =

Khi d6, phuong trinh (4) tré thanh:
2

L ie=0 (phuong trinh bac hai theo ¢)

at+b

Giai phwong trinh trén tim dwoc ¢ va so voi diéu kién ¢ e [—\/5 2 } .

Thay t:\/zsin(x—%j dé tim x.

Bai tap
Bai 1. Giai cac phuong trinh sau

a) 3(sinx+cosx)+2sinxcosx+3=0 b) sinx—cosx=2v6sinxcosx

c) cosx—sinx+6sinxcosx =1 d) sinxcosx=6(sinx—cosx)-1

e) sinx+cosx+sinxcosx=%—\/§ f) (1+\/5)(sinx+cosx)—2sinxcosx—1—\/§=0
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Bai 2. Giai cac phuong trinh sau

a) 23in2x—3\/€(sinx+cosx)+8=0

. . 1
C) smx—sm2x:§—cosx

BAI TAP TOAN KHOI 11 - HOC Ki I

b) \/Ecos(x+%j—sin2x=—l

d) L+ L —2p2

sinx cosx

.3 3 | . /4 )
e) sin’ x+cos’ x ——=sin2xsin x+z =Ccosx+sinx

2

| 7. Mot s6 dang phuong trinh lwgng gidc khac

Bai tap

Bai 1. Giai cac phuong trinh sau (Dung cong thitc cung lién két)

a) 55in(x—£j+sin(£—xj—2:0
4 4

b) 2tan(2x—%j+tan(%—2xj+«/§:0
) 3cos(%—x}+cos(x—%j+x/§:0
d) sin(2x+2?ﬁj+sin(%—2xj—\/§:0

e) cos(x—%j+cos(47ﬁ—xj+2:0

f) sin(2x+£j+cos(£—2x)—2:0

4 4
g) tan(x+%j+cot(%—xj—2«/§=0
h) 2tan(2x+277[j—tan(2x—%j—\/§=0

i) 2tan(2x+47”j+tan(2x+%j—«/§:0

) cot(x—£j+2cot(x—5—ﬁj+3:0
4 4

Bai 2. Giai cac phuong trinh sau (Dung cong thitc bién d6i tong thanh tich, tich thanh

tong)

a) sinx+sin2x+sin3x+sin4x=0
b) cos2x+cosdx+cos6x=0
c) l+cosx+cos2x+cos3x=0
d) sin3x—sinx =cos3x—cosx

g) cos’ x+cos’ 2x+cos’ 3x+cos’ 4x =2
h) sin® x+sin” 2x +sin’ 3x +sin’ 4x = 2
i) sin6xsin2x =sin Sxsin3x

j) sin5xsinx = cos6xcos2x

e) sinx+sin2x+sin3x =cosx+cos2x+cos3x k) 2sin6xsin2x =2sin5xsin3x+ cos6x

f) sin®x+sin’ 2x+sin’3x =2
Bai 3. Giai cac phuong trinh sau

a) tanx+cotx=2

b) 32sinxcosxcos2xcosdxcos8x =1
c) l6sinxcos2xcos4xcos8x =1

d) 2cos’x—6sin’ x+tan’x+1=0

e) cos3xtanSx =sin7x

f) 2tanx= (l—tan2 x) cot(x+£j
4

1) sin 5x+2Z |+cos| 3x—Z |=2cos| Z—5x
6 3 3

cosx+cos3x+cosSx
- - - =cotx
sin x +sin 3x +sin Sx
3+cosx—3sinx 1 ,x
=l——tan" —

3cosx+1-sinx
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Chuong 1. PHEP DOI HINH VA PHEP PONG DANG
TRONG MAT PHANG

§1. PHEP BIEN HINH

1. Phép bién hinh

Phép bién hinh 1a mdt quy tac f, d& véi mdi diém M thudc mat phang ta xac
dinh duoc mot diém M ' duy nhat trong mat phéng d6. biém M ' duoc goi la anh
ctia M qua phép bién hinh d6, ki hiéu: f(M)=M".

Néu (H ) la mot hinh thi tap hop cac diém M'= f (M ) tao thanh hinh (H ‘) la anh
cta hinh (H) qua phép bién hinh f. Kihiéu: f(H)=(H").
2. Phép doi hinh
Phép doi hinh la mot phép bién hinh khong lam thay déi khoang cach gitra hai
diém bat ky:

{f(M)_M = M'N'=MN
S(N)=N'

Tinh chat: Phép doi hinh bién:

¢ ba diém thang hang thanh ba diém thang hang;

¢ ba diém khong thang hang thanh ba diém khéng thang hang;

¢ duong thang thanh duong thang;

e tia thanh tia;

¢ doan thang thanh doan thang bang no;

e tam gidc thanh tam gidc bang no;

e gdbc thanh gbc bang noé;

e duong tron thanh duong tron c6 cung ban kinh.

§2. PHEP TINH TIEN

1. Dinh nghia
Phép bién hinh bién diém M thanh diém M ' sao cho MM '=v duogc goi 1a phép
tinh tién theo vecto v. Ki hiéu: T..

/ M T;(M):M'(:)W:;
}'f’/' (; duoc goi la vecto tinh tién)

Phép tinh tién theo vecto 0 1a phép dong nhét: T, (M)=M .
2. Tinh chat
e Phép tinh tién 1a mot phép doi hinh do d6 cd tat ca cac tinh chat ctia phép doi
hinh.
¢ Bién duong thing thanh duong thing song song hojc trung véi duong thing
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ban dau.
3. Biéu thitc toa do
Trong mit phang toa dd Oxy, cho diém M (x;y) va vecto U= (a;b). Khi do:
x'=a+x

y'=bty

LN (i) =]

Bai tap
Bai 1. Trong mét phang Oxy, tim anh ctia diém 4(2;5) qua phép tinh tién theo vecto
v=(1;2).
Bai 2. Trong mit phang Oxy, viét phuwong trinh ctia duong thang d' 1a anh ctia dueong
thang d :2x+y-9=0 qua phép tinh tién theo vecto u = (1;4).
Bai 3. Trong mit phang Oxy, viét phuong trinh ctia dwong tron (C') 1a anh caa
duodng tron (C):x* +(y—1)" =9 qua phép tinh tién theo vecto a =(2;-4).
Bai 4. Cho M (2;1), im toa d0 di€ém M ' biét
a) T.(M)=M'véiu=(-23)
b) T (M)=M"véi 4(-2;3), B(1;2).
Bai 5. Cho tam giac ABC véi A(-3;1), B(2;-1), C(L;5) va u=(-4;2).
a) Tim toa do diém D biét . (4)=D.
b) Tim toa d6 di€m E biét T.(E)=B.
¢) Tim toa d6 diém F 13 anh ctia diém B qua phép tinh tién theo vecto 4B .

d) Tim toa d6 diém G 1a anh ctia diém C qua phép tinh tién theo vecto CB.
e) Tim toa dd diém H 1a anh ctia diém 4 qua phép tinh tién theo vecto CA .

§3. PHEP DOI XUNG TRUC

1. Dinh nghia

Cho dwong thang d . Phép bién hinh bién diém M thanh M ' sao cho d la duwong
trung triec ctia doan thang MM ' dugc goi 1a phép ddi xting qua duong thang d
hay phép d6i xting truc 4. Ki hiéu: D, .
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M

M, b d M'=D,(M )< d la dudng trung truc ctia MM’
(Puong thang d goi 1a truc d6i xting)

M

2. Tinh chat
Phép d6i xting truc la mot phép doi hinh.

3. Truc d6i xttng cta mot hinh

Puong thang d duoc goi la truc d6i xtmg ctia hinh (H) néu phép d6i xting truc
d bién (H) thanh chinh né. Khi d6 ta néi (H) 1a hinh ¢4 truc d6i xtimg.

4. Biéu thitc toa do

Trong mit phang toa d6 Oxy, cho diém M (x;y):

X, =X
e M (x;y) ddixtung véi M qua truc x'Ox@{ : :
="y
Are 7 7. 'x2 =X
e M,(x,;y,) ddixting voi M quatruc y'Oy < :
=Yy

o M,(x;;y,) d6ixtng véi M qua duwong thang (d):ax+by+c=0
MM ' vuong gbc véi vectd chi phuong cta d

Trung diém / (%,%) ctia MM ' thuoc d

Bai tap
Bai 1. Trong mit phang toa do Oxy, cho diém M (-2;5). Tim toa dd diém M ' d6i
xtng véi M qua

a) Truc x'Ox
b) Truc y'Oy
) Duong thing (d):x-2y-3=0.
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Bai 2. Trong mit phang toa dd Oxy, cho dwong tron (C):x* +y* —2x+4y—4=0. Tim
anh cta (C) qua phép d6i xting truc vdi truc ddi xting la
a) Truc x'Ox

b) Truc y'Oy
¢) Duong thang (d):2x-y+1=0.

Bai 3. Trong mit phang toa d6 Oxy, 1ap phuong trinh duong thang (d') ddi xtmg voi
(d):x-y-3=0 qua

a) Truc x'Ox

b) Truc y'Oy

¢) Duong thang (A):x+3y+1=0.

§4. PHEP DOI XUNG TAM

1. Dinh nghia
Phép bién hinh bién diém I thanh chinh né, bién mdi diém M khéac diém 7 thanh
diém M ' sao cho I la trung diém cua MM ' duogc goi la phép d6i xting tam 1 . Ki
hiéu: b, .
M’
M'=D,(M) <1 latrung difm cia MM
(I duoc goi la tam d6i xiing)
M
2. Tinh chat
Phép d6i xttng tam la mot phép doi hinh.
3. Biéu thitc toa do
Trong mat phang toa dd Oxy, cho diém I (a;b) vadiém M (x;y):
x'=2a-x
b, (M)=M'(xy')e
)=y {10
4. Tam ddi x*ng ctia mdt hinh
Diém 7 duoc goi la tm ddi xting ctia hinh (H) néu phép ddi xtng tdm I bién
hinh (H) thanh chinh né. Khi dé tanéi (H) 12 hinh c6 tam déi xting.

Bai tap
Bai 1. Trong mat phéng Oxy, tim anh cta diém A(5;3) qua phép d6i xting tam / (4;1).

61



Truong THPT Lé Quy Péon BAI TAP TOAN KHOI 11 - HOC Ki I
Bai 2. Trong m4t phang Oxy, viét phuong trinh ctia duong thang d' 1a anh ctia duong
théng (d):2x+y-9=0 qua phép d6i xting tim K (1;,-2).

Bai 3. Trong mit phang Oxy, viét phuong trinh ctia dwong tron (C') 1a anh caa

duong tron (C) X +(y—1)2 =9 qua phép ddi xing tam I(—l;—l) .

Bai 4.

a) Tim toa do diém M’ 1a anh cuia M(-1;2 ) qua b, véiI( 1,-2).

b) Tim toa do diém N’ la anh ctia N( 3,4 ) qua b, véi A(-1,2).
c) Tim toa do diém K’ la anh ctia K(-2;-1) qua b, vdéiJ(-3;2).

§5. PHEP QUAY

1. Dinh nghia

Phép bién hinh bién diém I thanh chinh nd, bién mdi di€ém M thanh diém M
sao cho IM'=IM va (IM;IM')=¢ duoc goi la phép quay tdm I goc ¢.
Kihiéu: 9, .

o v IM'=IM

(I goilatam quay, goc ¢ la goc quay)

M

Nhan xét:

e Chiéu dwong cua phép quay la chiéu nguoc véi chiéu quay cua kim dong ho.
e VoikeZtacod Q,,,, laphép dong nhat va O/ oiyr) 12 Phép doi xting tam 1 .
2. Tinh chat

Phép quay la mot phép doi hinh.

3. Biéu thitc toa do

Trong mat phéng toa do Oxy, cho gdc toa do O(O;O) va diém M (x; y) vagoc ¢:

I;k2m

A 72— N 1 1. 1 x':_y
e Néu ¢:5+k27z (keZ) thi Q(O;w)(M)=M (x%y ):{y&x
) x'=—x
e Néug=rn+k2r (keZ) thi Q(O,(p)(M)zM'(x';y')z{ ,
' y ==y

e Néu (o=—%+k27z (keZ) thi Q(o;w)(M)=M'(x';y'):>{
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Bai tap
Bai 1. Trong mét phang toa d6 Oxy, cho ba diém 4(3;-2), B(0;4), C(-5-1). Goi
A',B',C' lan luot la anh cua 4,B,C qua phép quay tam O véi goc quay o =45°. Tim
toa do ctia A", B',C".
Bai 2. Trong mat phéng toa do (a’):x—3y+6 =0 va duong tron (C):x2 +y —6x+4y-3=0.
Goi (d') va (C') Tan luot la anh cua (d) va (C) qua phép quay tdm K voi géc quay ¢ . Lap
phuong trinh cta (d') va (C') biét:

a) KEO(O;O),(p:—% b) K(—Z;l),go:%
Bai 3. Trong mét phang toa d6 Oxy, cho tam gidc 4BC véi A(1;-2), B(—4;9), C(3;5).
Xéac dinh toa d¢ diém G' la anh cta trong tam G cta tam giac ABC qua phép quay

tam O(0;0) véi gée quay (p:%.

§6. PHEP VI TU

1. Dinh nghia
Cho diém [ c0 dinh va mot s6 & # 0. Phép bién hinh bién mdi diém M thanh
diém M ' sao cho IM'=kIM duoc goi la phép vi ty tam / tiso k. Ki hiéu: I/E,;k).

M=V, (M) IM' =kIM

(I goilatam vitw, k 1a ti s vi tu)

2. Tinh chat

Phép vi tu:
e Bién ba diém thing hang thanh ba diém thang hang va bao toan thit ty gita ba
diém do;

¢ Bién duong thing thanh dwong thang song song hoic triing véi né;
e Bién doan thing thanh doan thang cé d6 dai bang |k| Ian tao anh;
M'=V, (M M'N'=kMN
Nghia la: néu M)
N'=V 4 (N) M'N'=|k|MN
e Bién tam giac thanh tam giac dong dang vdi tam gidc da cho vdi ti s6 dong

e Bién duwong tron ban kinh R thanh dwong tron ban kinh |k| .R.

dang |k
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3. Bi€u thirc toa do
Trong mit phang toa dd Oxy, cho diém 1(a;b), s8 k =0 va diém M (x;y):

Vi (M) =M { i )a

k)b

4. Tam vi tw cta hai dwong tron
Néu c6 phép vi ty tam O, ti s6 k bién duwong tron nay thanh dwong tron kia thi O
dwoc goi la tam vi ty ctia hai duong tron do.

Cach xac dinh tim vi tw O ctia phép vi tw bién (/;R) thanh (/;R")

R)
R')
e R=R'":phépvitutam O (la trung diém /'), ti s6 k =—1 (cling chinh la phép

ddi xting tam O).
e R=#R':céhaiphépvity

1) Hai dudng tron khong dong tam (1;R) va (1

i) Phép vi tu tam O, (Tr:%o—lzj, ti s8 k, =

N ' R'

ii) Phép vi tu tam 02(02['=—%021j ti sO £, e
2) Hai dudng tron dong tam (/;R) va (I;R').
R’ R’

C6 hai phép vi tu cung tam 7, ti sO z va R

Bai tap
Bai 1. Trong mit phang Oxy, tim diém D' 1a anh cta D(1;-2) qua Vika) VO K(L-2).

Bai 2. Trong mit phang Oxy, viét phwong trinh ctia duong thang d' 1a anh ctia dueong

théng (d):2x+y—9:0 qua phépvitu V,, ,, voi H(l;2).

(H33)
Bai 3. Trong mit phang Oxy, viét phuong trinh cia duong tron (C') 1a anh cta
duodng tron (C):x* +(y-1)" =9 qua Vigoa) VOL K (1;-2).

Bai 4. Cho A(1;-2); 1(2;3); B(-1;2); ] (-2,-3) C(2;-1); H (1,2); D(1;-2); K (-2;1)

a) Tim diém A’ la anh caa A qua V.

b) Tim di€m B’ la anh ctia B qua V|, .
¢) Tim diém C’ la anh ctia Cqua V], .
Bai 5. Cho duong thang (d):x+y—2=0.

a) Viét phuong trinh duong thang (d,) 1a anh ctia d qua Vo VOL 1(2;3).

b) Viét phuong trinh duong thang (d,) 1a énh ctia d qua Vijea) V6L J(=2;-3).
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¢) Viét phuong trinh dudng thang (d,) 1a anh ctia d qua ¥}, véi H(1;2).

H33)

d) Viét phuong trinh duong thang (d,) 1a anh ctia d qua ¥, v6i K (-2:1).
Bai 6. Cho duong tron (C): (x—l)2 -1-(y+2)2 =25.

a) Viét phwong trinh duong tron la anh cua (C) qua ¥, véi J(-2;-3).

vOi H(l;2).

H33)

(G)
b) Viét phuong trinh duong tron (C,) 1a anh cua (C) qua ¥, véi 1(2:3).
(C;) laanh cua (C) qua ¥
d) Viét phuong trinh duong tron (C,) la anh cta (C) qua ¥, voi K(-2;1).
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Chuong 2. PUONG THANG VA MAT PHANG

TRONG KHONG GIAN. QUAN HE SONG SONG
§1. PAI CUONG VE PUONG THANG VA MAT PHANG

1. C4c tinh chit thira nhin ctia hinh hoc khong gian
e Co6 mdt va chi mot duong thang di qua hai diém phan biét.
o C6mot va chi mot mat phang di qua ba diém khong thang hang.
e Né&u mot duong thang c6 hai diém phan biét thudc mot mat phang thi moi
diém cua duong thang déu thudc mat phang do.
e Ton tai bon diém khong cting thudc mdt mit phang.
o Né&u hai mit phang phan biét c6 mot diém chung thi ching con c6 mot diém
chung khdc ntra.
e Trén mdi mit phang, cic két qua da biét trong hinh hoc phang déu ding,.
2. Cac cach xac dinh mat phang
e Badiém 4,B,C khong thang hang xac dinh mit phang duy nhat.
Ki hiéu: (4BC), (ACB), ...
o Duodng thing d va mot diém 4 nam ngoai d xac dinh mit phang duy nhat.
Ki hiéu: (4,d) hay (d,A4).
o Hai duong thang a,b cat nhau xac dinh mat phang duy nhat.
Ki hiéu: (a,b).
o Hai duong thang a,b song song véi nhau xac dinh mat phang duy nhat.
Ki hiéu: (a,b).
3. Hinh chép
s, _—Dih—0 g

Mt bén
Canh bén ——,
Mt ddy
A 84 A matacaas D
Canh ddy
P B

Hinh chdép gom mot dinh va day 1la mot da gidc.
Kihiéu: S.ABC, S.ABCD ...
4. T dién

C
Tt dién 1a hinh gdm bon dinh khong dong phang tao ra bdn mat 1a bon tam giac.
T dién déu c6 bon mat la tam giac déu (tat ca cac canh déu béng nhau).
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Van dé 1: Giao tuyén caia hai mit phang
Dé tim giao tuyén ctia hai mit phang phan biét, ta can tim hai diém chung phan
biét cia hai mét phang. Khi d6, duong thang qua hai diém chung d6 1a giao tuyén
ctia hai m3t phang.
{A PR AD) (o)) - a
Be(a)va Be(p)

Bai tap
Bai 1. Cho hinh chép S.ABCD (ABCD c6 cac canh d6i khong song song).
a) Tim giao tuyén ctaa (SAD) va (SBC).
b) Tim giao tuyén cua (SAB) va (SCD).
c) Tim giao tuyén caa (SAC) va (SBD).

Bai 2. Cho tt dién SABC. Trén cac canh SA; SB; SC lan luot 1ay 3 diem M; N; P lan luot
sao cho AM =2SM ; SN =2NB ; SP = PC.

a) Tim giao tuyén caa (MNP) va (ABC).
b) Tim giao tuyén cua (ANP) va (ABC).

Bai 3. Cho hinh chép S.ABCD c6 day la hinh thang ddy 16n AB. Lay diém H thudc
canh SB. Tim giao tuyén cua (AHD) va (SBC).

Bai 4. Cho tit dién ABCD. Lay diém M, N Ian luot trén doan AB, AC sao cho MN
khong song song BC va diém I thudc canh CD.

a) Tim giao tuyén ctia (MNI) va (BCD).
b) Tim giao tuyén cua (MNI) va (ABD).

Bai 5. Cho hinh chép S.ABCD (cac canh ddy khong song song). Lay I thudc canh SA, ]
thudc canh SB va K thudc canh CD sao cho I la trung diém SA, SJ = 2JB va CK = 2KD.

a) Tim giao tuyén caa (IJK) va (ABCD).
b) Tim giao tuyén cua (IJK) va (SBC).
c) Tim giao tuyén caa (IJK) va (SCD).

Bai 6. Cho hinh chép S.ABCD va diém M; N trén doan SD; SC sao cho MN khong
song song CD.

a) Tim giao tuyén ctia (AMN) va (ABCD).
b) Tim giao tuyén cua (AMC) va (AND).
c) Tim giao tuyén caa (SBD) va (AMN).
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Bai 7. Cho hinh chép S.ABC. Goi H, K Ian luot la trong tam ASAB va ASBC, M la

trung diém AC. Lay diém I la diém thudc doan SM sao cho SI= %SM :

a) Tim giao tuyén caa (IHK) va (ABC).
b) Tim giao tuyén cua (IHK) va (SAC).

Bai 8. Cho hinh chép S.ABCD, ACNBD =0. Lay diém M; N lan lwot trén doan SA; SB
va diém G ¢ trong A ABO sao cho OM khong song song SC, ON khong song song SD.

a) Tim giao tuyén caa (MNO) va (SCD).
b) Tim giao tuyén cua (MNO) va (SGD).

Bai 9. Cho hinh chép S.ABCD c6 day la hinh binh hanh. Goi 2 diém M, G lan luot la
trong tam ASAB va ASAD. Ldy diém N thudc doan SG, diém P thudc mién trong ti
giac ABCD.

a) Tim giao tuyén caa (MNP) va (ABCD).
b) Tim giao tuyén cua (MNP) va (SAC).
c) Tim giao tuyén cta (MNP) va (SCD).

Bai 10. Cho tit dién ABCD va diém M la trung diém AB, N 1a trung diém CD; G nam
trong tam giac BCD sao cho NG khong song song BD.

a) Tim giao tuyén ctia (MCD) va (NAB).

b) Tim giao tuyén cua (GMN) va (ACD).

Bai 11. Cho t& dién S.ABC. Lay diém E; F Jan luot trén doan SA; SB va diém G & trong
tam giac ABC.

a) Tim giao tuyén caa (EFG) va (SBC).

b) Tim giao tuyén cua (EFG) va (SGC).

Bai 12. Cho hinh chép S.ABCD. Goi G, H lan luot la trong tam ASAB va A SCD.
a) Tim giao tuyén ctia (SGH) va (ABCD).

b) Tim giao tuyén cua (SGH) va (SAC).

c) Tim giao tuyén cta (BGH) va (SAD).

d) Tim giao tuyén ctia (CGH) va (SBD).

Bai 13. Cho hinh chop S.ABCD c6 ddy ABCD la hinh thang (AB // CD). Lay diém M
thudc canh SC.

a) Tim giao tuyén cta (SAC) va (MBD).
b) Tim giao tuyén cua (ADM) va (SBC).
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Van dé 2: Giao diém ctia dwong thang va mit phang

Cho duong thang a va mét phang (). Tim / 1a giao diém cua a va (a).
Céch 1: Tim trong mit phang (a) mot duwong thang b cat duong thang a tai 7.
lea

Iebc(a):am(a):[

Khi d6: I:amb:{

Cach 2: Chon mit phang (B) chtta a sao cho dé x4c dinh giao tuyén d cta («) va
(/). Trong mat phang (), goi I 1a giao diém cua a va d.
lea

Khidé: I=and =
{Iedc(a)

=an(a)=1.

Bai tap
Bai 1. Cho hinh chép SABCD c6 day ABCD la hinh thang ddy 16n AD; cho diém M
trén canh SD. Tim giao diém cta

a) (ABM) véi CD b) (ABM) véi SC ) (MBC) véi SA
Bai 2. Cho tt dién SABC. Lay cac diém M; N; I [an luot trén canh SB, SC, AC sao cho
MN khong song song BC. Tim giao diém cta

a) MN véi (ABC) b) AB véi (IMN)
Bai 3. Cho hinh chép SABC. Lay cac diém M, N lan lwot trén canh SA, SB sao cho MN
khong song song AB. Lay diém O trong tam gidc ABC. Tim giao diém cta

a) (OMN) véi AB b) (OMN) véi AC &) (OMN) véi SC
Bai 4. Cho tt dién ABCD. Lay cac diém M, N Ian luot la trung diém canh AC, BC.
Trén doan BD lay diém K sao cho BK = 2KD.

a) Tim giao diém E cua CD véi (MNK).

b) Tim giao di€m F cua AD véi (MNK).

c) Tim giao tuyén caa (MNK) va (ABD).

Bai 5. Cho tt dién SABC. Goi cac diém I, H, M Ian luot la trung diém canh SA; AB va
IH. Trén doan SC lay diém K sao cho CK = 3KS.

a) Tim giao diém L cua BC véi (IHK).

b) Tim giao diém N cta KM véi (ABC).

Bai 6. Cho hinh chép S.ABCD. Ldy cac diém M, N, Q Ian luot trén canh SA, SB, SC.
Tim giao diém duong thang SD véi (NMQ).

Bai 7. Cho hinh chép S.ABCD. Ldy cac diém M, N,Q lan lwgt trén canh SA, SB, SD.
Tim giao diém ctia duong thang SC véi mat phang (NMQ).
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Bai 8. Cho hinh chop S.ABCD c¢6 day ABCD la hinh thang day 16n AB. Goi ], J 1a trung
diém SA, SB. Lay diém M tuy y trén canh SD. Tim giao diém cua

a) IM va (SBC) b) JM va (SAC) c) SCva (IJM)
Bai 9. Cho hinh chép S.ABCD ¢6 day ABCD la hinh binh hanh. M la trung diém SB; N
la trong tam tam giac SCD. Xac dinh giao diém cua

a) MN va (ABCD) b) MN va (SAC)
c) SC va (MAN). d) SA va (CMN).
Bai 10. Cho tit dién SABC. L4y diém M la trung diém SA ; N 1a trong tam SBC ; P ndm
trong tam giac ABC. Tim giao di€ém cta
a) MN véi (ABC) b) (MNP) véi SB
c) (MNP) véi SC d) NP vdi (SAB)
Bai 11. Cho hinh chép S.ABCD, goi G,,G, lan luot la trong tam A SAB va ASCD ; Tim

giao diém cua
a) BDva (SG,G,) b) G,G, va (SAD) ¢) SDva (BG,G,)
d) ACva (SG,G,) e) SAva (CGG,)

Vén dé 3: Chitng minh ba diém thang hang
Chang minh ba diém la diém chung ctia hai mat phéng phan biét.
{A, B,.Ce(a)

A,B,C A4,B,C thang h3
A,B,Ce(ﬂ): e(a)n(p)= ang hang

Bai tap
Bai 1. Cho tt dién SABC. Trén cac canh SA, SB, SC lan luot 1ay M, N, P sao cho MN
cat AB tai I; NP cat BC tai ] va MP cat AC tai K. Chting minh rang I, J, K thang hang.
Bai 2. Cho tt dién ABCD c6 G la trong tam ABCD. Goi M, N, P Ian lwgt 1a trung diém
AB, BC, CD.

a) Tim giao tuyén caa (AND) va (ABP).
b) Cho AGNMP=I, CMNAN=].Chttng minh D, I, ] théng hang.

Bai 3. Cho hinh chép S.ABCD; goi E; F; H Ian luot la cac diém thudc canh SA, SB, SC.

a) Tim giao diém K caa SD va (EFH).

b) AC cat BD tai O, EH cat FK tai I. Chttng minh 3 diém S, I, O thang hang.

¢) AD cat BC tai M, EK cat FH tai N .Chttng minh 3 diém S, M, N thang hang.
d) AB cat CD tai P, EF cat HK tai Q . Chting minh 3 diém S, P, Q thang hang.
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Bai 4. Cho t¢ dién ABCD. Goi M, N, P lan lwot 1a cac diém thudc canh AB, AC, BD;
MN cat BC tai I; MP cat AD tai J; NJ cat IP tai K. Chting minh rang C; D; K thang hang.

Bai 5. Cho tit dién SABC. Goi D, E, F Ian lwot 1a cac diém thudc canh AB, SB, AC; DE
cat SA tai H; DF cat BC tai K; EK cat HF tai G. Chtiing minh rang S; G; C thang hang.

Bai 6. Cho hinh chép S.ABCD day ABCD la hinh binh hanh. Goi M va N la trung diém
cua AB, SC.

a) Tim giao diém I ca AN va (SBD).
b) Tim giao diém K cua MN va (SBD).

¢) Tinhtisd —.
MN
7 . M < N ’ 2 A IB
d) Ching minh rang : B, I, K thang hang. Tinh ti s6 X'

Bai 7. Cho hinh chép S.ABCD c6 day la hinh binh hanh tam O. Goi M; N Ian luot la
trung diém ctia cac canh bén SA, SC.

a) Tim giao diém I ctia dwong thang SO véi (MNB) va giao diém K ctia dwong thang
SD véi mit phang (MNB).

b) Xac dinh giao tuyén cua (MNB) va (SAD).

c) Xac dinh giao tuyén ctia (MNB) va (SDC).

d) GoiE la giao diém ctia KN va CD, F la giao diém ctia KM va AD. Chiing minh
rang ba diém E, B, F thang hang.

Van dé 4: Chitng minh ba duong thang dong quy

Ta tim giao diém ctia hai duong thang va chiing minh diém d6 thudc duong thang
thtt ba.

{dl Nd, =1

=d,,d,,d, déng qu
led, 1585,0;5 g quy

Bai tap
Bai 1. Cho hinh chép S.ABCD. Goi O la giao diém ctia AC va BD. Mot mit phang (a.)

cit cdc canh SA, SB, SC, SD Ian luwot tai A’, B/, C’, D’. Gia st AB cit CD tai E, A’B’ cit
C'D’ tai F.

a) Ching minh:S, E, E théng hang.
b) Chting minh: A’C’, B'D’, SO dong quy.

Bai 2. Cho hinh chép S.ABCD; O 1a giao diém AC va BD. Lay diém M trén canh SC.
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a) Tim giao diém N cta SB va (ADM).

b) Chting minh : SO, AM, DN dong quy.

Bai 3. Cho hinh chép S.ABCD, trén canh SC lay mot diém E khong trung véi S va C.

a) Tim giao diém F ctia duong thang SD v&i (ABE).

b) Gia st AB khong song song véi CD. Chitng minh AB, CD, EF dong quy.

Bai 4. Cho tit dién SABC. Lay E; F; I Ian luot trén cac canh SB, BC, CA sao cho EF cit

SC tai H; IF cat AB tai K. Chting minh rang: KE, HI, SA dong quy.

Van dé 5: Tim tap hop diém M hoic chitng minh M di dong trén duwong thiang
c6 dinh

Chting minh M thudc giao tuyén ctia hai mat phang cd dinh.

{d = ()" () (c6 dinh)

= M di dong trén d c6 dinh
Med

Bai tap
Bai 1. Cho hinh chép S.ABCD ¢6 day ABCD (céac canh d6i cua tt giac ddy khong song
song). Ldy M tuy y trén canh SB.

a) Tim giao diém N cta SC va (ADM).
b) GoiKla giao diém ctia AN va DM, L la giao diém ctia AM va DN. Tim tap hop cac
diém K; L khi M di dong trén doan SB.

Bai 2. Cho hinh chép S.ABCD véi ddy la hinh thang, day 1o6n AD, M 1a diém luu dong
trén SB, mat phang (MDC) cat SA tai N. Goi O 1a giao diém cua AC va BD.

a) Tim giao diém ctia mit phang (MAD) véi SO va SC.
b) Goi H la giao diém ctia DM va CN. Tim tap hop cac diém H.

Bai 3. Cho hinh chép S.ABCD; mat phéng (P) di dong cit SA; SC; SD Ian luwot tai E; F; G.

a) Tim giao diém H ctia mit phang (P) véi SB.
b) Goilla giao di€m ctia EF va HG. Tim tap hop cac diém L
c) Goi]la giao diém cua EG va HF. Tim tap hop cac diém J.

Van dé 6: Thiét dién caa hinh chép khi cat hinh chép boi mét mit phang
D& x4c dinh thiét dién ctia mot hinh chép véi mat phing (@) ta thuc hién nhuw sau:

e Tim giao diém cta () véi mot canh cta hinh chop.
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e Tir diém chung d¢, xac dinh giao tuyén dau tién ca () véi mot mit (chira
canh trén) cta hinh chép.

¢ Cho giao tuyén nay cat cic canh ctia mat d6 ctia hinh chép, ta sé& dwoc cac
diém chung mdi cia () v6i cdc mit khéc. Tt d6 x4c dinh duoc céc giao
tuyén mai voi cac mat nay.

e Tiép tuc nhu trén cho dén khi cac giao tuyén khép kin thanh mot da gidc, ta
duoc thiét dién cta () va hinh chép.

Bai tap
Bai 1. Cho hinh chép S.ABCD va diém M trén canh SD. Tim thiét dién ctia hinh chép
cat boi mat phang (ABM).
Bai 2. Cho tt dién ABCD; I la trung diém AD; J 1a diém déi xtiing cia D qua C; K 1a
diém d3i xting cua D qua B. X4c dinh thiét dién cua ti dién cat béi mat phang (IJK).
Bai 3. Cho hinh chép S.ABCD c6 ABCD la tt giac 16i. M, N, P lan luwot la trung diém
cac canh SA, BC, CD. Tim thiét dién cta hinh chép cat boi mt phang (MNP).

Bai 4. Cho hinh chép S.ABC. M; N Ian luot la trong tam tam giac SAB; SBC; P la trung
diém SC. Tim thiét dién ctia hinh chép cat béi mat phang (MNP).

Bai 5. Cho hinh chép S.ABCD; M; N thugc canh SA; SB sao cho SM = %SA; SN = %SB.
G la trong tam tam giac SCD.

a) Tim giao diém ctia dwdong thang MN véi (ABCD).

b) Tim giao diém ctia dwong thing MG véi (ABCD).

¢) Tim giao diém ctia duong thang AD véi (MNG).

d) Tim thiét dién ctia hinh chép cét boi (MNG).

Bai 6. Cho hinh chép S.ABCD c¢6 ABCD la t giac 16i. M, N Ian luwot la trung diém céc
canh BC, CD. P 1a m6t diém nam trong tam gidc SBD. Tim thiét dién ctia hinh chép cat
bdi mat phang (MNP).

§2. HAI PUONG THANG CHEO NHAU
VA HAI PUONG THANG SONG SONG

1. Vi tri twong d6i ctia hai duong thing a,b trong khong gian
e a,b ddng phang: c6 ba vi tri tuong ddi la:

* g//b: a va b khong c6 diém chung.
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= acath:avab cémotdiém chung duy nhat.
» g=b:avab cdvdsd diém chung.
o a,b khong dong phang: a va b chéo nhau.

2. Hai dwong thing song song
Dinh nghia: a//b < {a,b dong phang
anb=9

Céc dinh ly:

o Trong khong gian, qua mét diém ndm ngoai mot duwong thang cho trude, c6
mot va chi mot duong thang song song véi duong thang da cho.

e Hai duong thang phan biét cling song song véi mot duong thang thit ba thi
chiing song song vdi nhau.

e Né&u ba mit phang d6i mot cat nhau theo ba giao tuyén phan biét thi ba giao
tuyén ay hoac dong quy hoac d6i mot song song véi nhau.

¢ Né&u hai mit phang phan biét [an luot chira hai duong thang song song thi
giao tuyén cta chiing (néu cd) ciing song song véi hai duong thang d6 hodc
triing véi mot trong hai dwong thang d6.

Dang toan 1: Chitng minh hai dudng thang song song
Pé chitng minh hai dwong thing song song ta c6 thé diing mot trong cac cach sau:
¢ Dung phuong phép chiing minh song song trong hinh hoc phang: Xét mat
phang chita a,b, dung cac dinh 1y dwong trung binh, dinh ly Thales dao...
¢ Chting minh hai duong thang d6 ciing song song véi mot duong thang thit

allb
ba: =allc

bllc
bllc
o Ap dung dinh ly vé giao tuyén song song: =|a=b
cc(p) _
(@)n(p)=a

Dang toan 2: Tim giao tuyén ctia hai mat phang lan lwot chita hai duwong thang
song song
D€ tim giao tuyén ctia hai mat phang [an luot chira hai duong thang song song ta
thuwce hién nhu sau:
e Tim mot diém chung ctia hai mat phéng.
¢ Xac dinh phuong cta giao tuyén (la dwong thang di qua diém chung va song
song véi hai duong thang trén).
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Ae(a)n(p)
ac(a)
bc(pB)

allb

Dang toan 3: Chitng minh hai dwong thang a,b chéo nhau

:>(a)m(,6’) =x'Ax v6ix'Ax//a /b

Dung phwong phap chitng minh phan chitng;:
Gia st a,b dong phang = vo ly.

Bai tap
Bai 1. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh.

a) Xac dinh giao tuyén ctia (SAB) va (SCD); giao tuyén cua (SAD) va (SBC).
b) Diém M thudc canh SC; xac dinh giao tuyén 2 mat phéng (ABM) va (SCD).
¢) Diém N thudc canh SB; xac dinh giao tuyén 2 mit phang (SAB) va (NCD).

Bai 2. Cho tir dién ABCD. Goi G,, G, la trong tam A ABC va A ACD. Xac dinh giao
tuyén cua

a) (CG,G,) va (BCD) b) (CG,G, ) va (BAD) c) (AG,G,) va (ABD)

Bai 3. Cho hinh chép S.ABCD c6 day la hinh binh hanh; G, G, la trong tam ASAB va
ASAD.

a) Chuing minh t¢ giac G,G,DB la hinh thang.

b) Xéc dinh giao tuyén 2 mat phang (AGlGZ) va (SBD).

Bai 4. Cho hinh chép S.ABCD c6 day la hinh binh hanh; M, N Ian lwgt 1a trung diém
cua SA, SB.

a) biém E thudc canh SC, xac dinh giao diém ctua duong théng SD va ( MNE).
b) Diém H thudc canh AD, xac dinh giao diém cta duong théng BC va (MNH).

Bai 5. Cho tt dién ABCD. Goi [, J la trong tam A ABC va A ABD; E, F lan luot la trung
diém ctia BC, AC.

a) Chuing minh r?mg: IJ // CD.

b) Tim giao tuyén (DEF) va (ABD).

Bai 6. Cho tt dién ABCD. Goi M, N lan lwot 1a trung diém BC va BD. Lay P la diém
trén canh AB. Goi I=PDNAN; J=PCnAM.

a) Chung minh rang: IJ // CD.
b) Goi H thudc canh CD. Tim giao tuyén cta (ABH) va (AMN).
c) Tim giao diém MI va (ACD).
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Bai 7. Cho hinh chép S.ABCD c6 day ABCD la hinh thang, day 16n la AB. Goi E, F lan
lwot 1a trung diém ctia SA, SB.

a) Chtng minh rémg: EF // CD.
b) Trong mit phang (SAB). Goi J la diém ddi xting ctia A qua F. Chttng minh rang: SJ
// CD.

Bai 8. Cho hai hinh vudng ABCD va ABEF khong dong phang. Trén cac duong chéo

AC, BF ldy M, N sao cho AM_BN_ l Chting minh rang : MN // DE.
AC BF 3

§3. PUONG THANG VA MAT PHANG SONG SONG

1. Vi tri twong déi gitta dwong thang va mit phang
Cho duong thang a va mit phang («):
ac(a): a va (a) c6 hai diém chung phén biét.
a cat (a): a va (a) c6 mot diém chung duy nhat M =d N (a).
a/l(a): a va (a) khong c6 diém chung.
2. Puong thang song song v6i mat phang
Dinh nghia: a//(a) < an(a)=2
Tinh chat:
o Néu duong thang a song song véi duong thang b nao d6 nam trong mat
phang () khong chira a thi a song song véi ().
allb
bc(a)=all(a)
af ()
e Cho duong thang a song song véi mat phang («). Néu mét phang () chita
a va cat () theo giao tuyén b thi b song song vodi a.
all(a)
ac ( p ) =allb
(@)n(#)-b
¢ N@&u hai mit phang (@) va () cat nhau va cling song song véi duong thang
a thi giao tuyén ctia () va () cling song song véi a.
all(a)
all(f)  =allb
(@) (p)=0
e Né&u hai dwong thang a va b chéo nhau thi c6 duy nhat mdt mit phing chira
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a vasong song voi b.

Vén dé 1: Chitng minh duong thang song song véi mit phang
Dé chiing minh duong théng a song song voi mat phéng (a), ta chitng minh «a

khong nam trong (@) va a song song v6i mot duong thang b ndm trong ().

allb

bc(a)=all(a)

af (a)

Bai tap

Bai 1. Cho hinh chop S.ABCD c¢6 day hinh binh hanh. M, N thudc canh SA, SB sao cho
SM_SN . Chting minh rang:

SA SB

a) AD// (SBC); DC// (SAB) b) MN // (ABCD); AB // (MNCD)

¢) MN//(SDC)
Bai 2. Cho tt dién ABCD. Goi G la trong tam cta A ABD. Lay diém I thudc canh BC
sao cho BI = 2IC. Chting minh rang: IG // (ACD).

Bai 3. Cho hinh chop S.ABCD c¢ day la hinh binh hanh. Goi G,, G, la trong tam cac
tam gidc SBC, SCD.
a) Xac dinh giao diém E cia BC véi (SG,G, ) . Chiing minh rang: G,G, // (SBD).
b) Gia sit mat phang (CG1G2) cat SB, SD lan luot tai H, K. Chitng minh rang:
HK // (ABCD).
Bai 4. Cho hinh binh hanh ABCD va ABEF khong dong phang.

a) Goi M, N Ia trong tim ABCD va A AEF. Chting minh rang: MN // (CEF).
b) GoiP, Qlatrong tim A ABD va A ABE. Chting minh ring: PQ // (CEF).

Bai 5. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Goi M, N, P Ian luot la
trung diém ctia cac canh AB, CD, SA.

a) Chuing minh rfmg: SB // (MNP).
b) Chtng minh rfmg: SC// (MNP).
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¢) Goi K la trong tdm ctia tam giac SAD. Chitng minh rang: SB // (AKC).

Bai 6. Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh. Goi G la trong tam A
SAB va diém E trén canh AD sao cho AD =3AE. Goi M la trung diém AB.

a) Tim giao tuyén (SAB) va (SCD).
b) Chting minh rang: EG // (SCD).
¢) Puong thing qua E song song véi AB cat MC tai F. Chitng minh rang: GF // (SCD).

Bai 7. Cho hinh chop S.ABCD c¢6 day ABCD la hinh binh hanh. Goi K 1a trong tam
ASCD, I'la trung diém AB.

a) Xac dinh giao diém E ctia duong thang SD véi mat phang (CIK).
b) Xac dinh giao diém F ctia duong thang CD véi mat phang (SIK).
¢) Ching minh r?mg: SC// (IEF).

d) Chutng minh rang: SA // (BDK).

Bai 8. Cho hinh chop S.ABCD c¢6 day ABCD la hinh binh hanh tam O. Goi H 1a trong
tam A SAB. Lay I la diém thudc canh CD sao cho CI = 2ID. Ching minh: HO // (SAI).

Bai 9. Cho hinh chép S.ABC; I 1a trung diém SA. Goi G la trong tam A SBC.

a) Xéc dinh giao diém E ctia deong thang IG véi mit phang (ABC).
b) Chting minh rang: AB // (SCE).

Bai 10. Cho t& dién ABCD. Goi M, N lan luot 1a trung diém AB, BC va G la trong tam
A ACD.

a) Tim giao diém H caa MG va (BCD).
b) Tim giao diém K ctia NG va (ABD).
¢) Chiing minh r?mg: MN // (DHK).

Bai 11. Cho hinh chop S.ABCD c¢6 day ABCD la hinh binh hanh tdm O. M Ia trung
diém SA. Goi G, H 1a trong tam A SBC, ASCD.

a) Tim giao diém E cua MG va (ABCD).

b) Tim giao diém F cua MH va (ABCD).

¢) Chiing minh r?mg: EF // (SBD).

d) Chutng minh rang: DF // (SBE).

Bai 12. Cho hinh chép S.ABCD ¢6 day ABCD 1la hinh binh hanh. M 1a trung diém SA.
Goi G, H1a trong tam A ACD, AABC.

a) Tim giao diém E cua CG va (SAB).

b) Tim giao diém F cua AH va (SCD).

¢) Chting minh rang: ED // (SBF), GF // (SHE).

d) Goilla giao diém cua MG va (SCD). Ching minh rfmg: MO // (ADI).
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Bai 13. Cho hinh chép S.ABC; M la trung diém AC. Goi G, H la trong tam A SAB, ASBC.

a) Tim giao diém E cua MH va (SAB).
b) Tim giao diém F cua MG va (SBC).
¢) Chiing minh r?mg: BM // (SEF).

Bai 14. Cho hinh chép S.ABC. Goi G 1a trong tdm tam gidc SAC, I 1a diém nam trén
canh AB sao cho IA =2IB. Chitng minh r?mg: IG // (SBQ).

Van dé 2: Thiét dién caa hinh chép tao béi mit phang song song véi mot dwong
thang hoic hai dwong thing chéo nhau.

Bai tap
Bai 1. Cho tt dién ABCD. M la trung diém BC; mit phang (oc) qua M va song song
vdi AB va CD. Xac dinh thiét dién cta (oc) voi tir dién.
Bai 2. Cho tt dién ABCD. M la diém nam trong tam gidc BCD; mit phang (oc) quaM
va song song voi AC va BD. Xac dinh thiét dién cua (oc) vOi ti dién.

Bai 3. Cho t& dién ABCD; H; K Ian luot 1a trong tdm tam gidc ABC; ACD; mat phang
(OL) qua HK va song song véi AC. Xac dinh thiét dién cua (oc) voi tie dién.

Bai 4. Cho hinh chép S.ABCD véi ABCD la hinh thang c6 ddy 16n AD. M, N Ian luot la
trung diém canh SC, SD. Mit phang (oc) qua M, N va song song véi SB. Xac dinh thiét
dién cua (oc) voi hinh chop.

Bai 5. Cho hinh chép S.ABCD. M, N Ian luot 1a trung diém canh SB, SD. Mit phang
(oc) quay quanh MN va song song v6i SC. Xac dinh thiét dién cta (OL) voi hinh chép.
Bai 6. Cho hinh chép S.ABCD; M la diém thudc canh AB. Mt phéng (oc) qua M va
song song voi SA va BD. Xac dinh thiét dién cta (oc) v6i hinh chop.

Bai 7. Cho hinh chép S.ABCD véi ABCD la hinh thang. M 1a diém thudc doan BD; mat
phang (oc) qua M va song song vdi SA va CB. Xac dinh thiét dién cta (oc) voi hinh
chép.

Bai 8. Cho hinh chép S.ABCD c6 day la hinh binh hanh. M 1a diém thudc doan AC;
mat phang (oc) qua M va song song v6i SC va BD. Xac dinh thiét dién ctia (oc) voi
hinh chop.
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Bai 9. Cho hinh chép S.ABCD. M la diém thuoc doan SA; mit phang (oc) qua M va

song song voi SC va SD. Xéc dinh thiét dién caa (oc) voi hinh chop.

Bai 10. Cho hinh chép S.ABCD. M la diém ndm trong tam gidc ACD; mit phing (o)

qua M va song song v6i canh SC va SD. Xac dinh thiét dién cua (oc) voi hinh chép.

Bai 11. Cho hinh chép S.ABCD. G la trong tdm tam giac SBC; mit phang (oc) qua G va

song song voi SA va SD. Xac dinh thiét dién cua (oc) v6i hinh chop.

Bai 12. Cho hinh chop S.ABCD c6 ABCD la hinh binh hanh tam O. Goi M, N la trung

diém SA, SD.

a) Xac dinh giao diém ctia NC va (OMD).

b) Xdc dinh thiét dién ctia hinh chép véi mit phang (OL) quay quanh OM va song
song voi CD.

Bai 13. Cho hinh chép S.ABCD c¢6 ABCD la hinh binh hanh, I1a mét diém trong tam

giac ABD, (oc) 1a mat phang qua I va song song véi SA va BD. Hay tim thiét dién cua

hinh chop S.ABCD véi (oc) .

Bai 14. Cho tt dién ABCD. M 1a trung diém AD, N thudc canh BC, mat phang (OL) qua
MN va song song voi CD.

a) Hay tim thiét dién ctia tit dién ABCD véi (o).

b) Hay xac dinh vi tri ctia N trén CD sao cho thiét dién la hinh binh hanh. .

Bai 15. Cho hinh chép S.ABCD c¢6 ABCD la hinh thang day 16n AB. Goi diém M trén
canh AD.

a) Tim giao tuyén 2 mit phang: (SAD) va (SBC); (SAB) va (SCD).
b) Goilla trung diém SB. Tim giao diém ctia Al va (SDC).
c) Goi G,, G, Ian lwot la trong tam cac tam giac SAB, SBC. Chitng minh:
G,G, // (ABCD).
d) Mit phing (oc) qua M va song song vdi SA va BD. Xac dinh thiét dién cta (oc) voi
hinh chop.
Bai 16. Cho hinh chép S.ABCD c¢6 ABCD la hinh binh hanh, M 1a diém thudc canh DC,
mat phéng (oc) qua M, song song vdi BD va SC, Tan luot cét cdc canh BC, SB, SA, SD
taiN, P, Q, R.

a) Chutng minh rang: MN // BD; SC // MR va SC // NP.

80



Truong THPT Lé Quy Péon BAI TAP TOAN KHOI 11 - HOC Ki I

b) Xac dinh giao diém I ctia AC va (o). Ching minh réng: IQ // SC.

c¢) Gia st RQ cat MN tai J. Chting minh rang: A, D, ] thang hang.
d) KhiM, N l1a trung diém CD, BC va MN cdt AB tai I; diém Q di dong trén canh SA.
Tim tap hop trong tam G cua tam giac IJQ.

Bai 17. Cho hinh chép S.ABCD c6 ddy la hinh binh hanh tam O, E la trung diém SA, M
thudc canh BC.

a) Tim giao diém ctia SD va (EBC).
b) Mit phang (oc) chtta ME va song song véi AB cat SB, AD Ian luot tai F, N. Tt gidc

MNEEF Ia hinh gi va chitng minh.
¢) MF cat NE tai I . Chting minh: I di dong trén 1 dwong cd dinh khi M di dong trén BC.

Bai 18. Cho hinh chép S.ABCD c¢6 ABCD la hinh binh hanh tam O. Goi [, J, K Ian luot
la trung di€ém SA, SB, IJ. G la trong tam tam giac SCD.

a) Tim giao tuyén caa (OIJ) vdi (ABCD) va giao diém cua AC véi (SDK).
b) Goi M la diém thudc canh BC. Mit phing (o) qua MG va CD cit AD, SD, SC tai
N, P, Q. Xac dinh cac diém N, P, Q; ttr d6 suy ra thiét dién cta (OL) v6i hinh chop.
Bai 19. Cho hinh chop S.ABCD c¢ ddy la hinh vudng canh a; ASAD vudng can tai A;
M la mot diém trén SC. Mt phang (oc) qua M, song song véi SA va BC cat cac canh
SB, AB, CD lan lugt tai N, P, Q.
a) MNPQ la hinh gi? Biét ASAC vuong ¢ A. Tinh dién tich MNPQ theo
SM = x (0<x<a\/§).
b) Chtng minh r?mg: SD// (OL) .
c) Goi I=MQANNP. Tim tap hgp cac diém I khi M di dong trén SC.
Bai 20. Cho hinh chép S.ABCD c6 ABCD la hinh binh hanh. Goi M 1a mét diém di
dong trén canh SC, (oc) 1a mat phang qua AM va song song BD cat SB, SD Ian luot tai
B vaD'.
a) Chuing minh (oc) ludn ludn chita 1 duong thang cd dinh khi M di dong trén SC.
b) Goi I=MB'nBC, J=MD'nCD. Chttng minh rang: I, ], A thang hang.
Bai 21. Cho ttt dién ABCD. M trén canh BC. V& mit phang (o) cdt céc canh AC, AD,
BD lan luot tai N, P, Q. Biét (a)// AB.
a) MNPQ la hinh gi?
b) Chting minh MQ, MP, CD dong quy.
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c) Goi I=NQNMP. Tim tap hop cac diém I khi M di dong trén canh BC.

§4. HAI MAT PHANG SONG SONG

1. Vi tri twong d6i ctia hai mit phing phan biét trong khéong gian

o (a) cat (B) theo giao tuyén la mot duong thang: (a)N(B)=a.

o (@) tring (B): (@)=(F).

J (a) song song (ﬂ) (a')//(ﬁ) khi (a) va (,B) khong c6 diém chung.

2. Hai mit phang song song

Dinh nghia: (a)//(8) < (a)n(B)=9

Diéu kién dé hai mit phang song song;

Néu mit phing () chita hai duong thang a,b citnhau va a,b cling song song
véi mat phang () thi («) song song véi (B).

a,bc(a)
all(B)
b//(B)

a,b cat nhau

Tinh chat:
e Qua mét diém ndm ngoai mot méat phéng cho trudc, cé mot va chi mot mat
phang song song véi mét phang da cho.

= (a)//(B)

e Né&u duong thang a song song véi mit phang () thi qua a c6 mot va chi
mot mét phang () song song véi ().

e Hai mit phang phan biét cting song song véi mit phang thiz ba thi chiing song
song vdi nhau.

e Moi duong thang d di qua 4 va song song véi () (A £ (a)) déu nam trong
mat phang (B) di qua 4 va song song vdi («).

e Néu (a)//(B) thi moi mat phang (r) da cat (a) thi phai cat () va cac giao

tuyén cta ching song song.

Néu {(a)//(ﬁ):a//(ﬁ).

ae(a)

¢ Hai mit phang song song chan trén hai cat tuyén song song nhitng doan thang
bang nhau.
3. Dinh 1y Thalés
Thuin: Ba mgt phang ddi mot song song chan trén hai cat tuyén bat ky nhiing
doan thang twong ting ti 18
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Ba mit phang (P),(Q),(R) d6i mdt song song nhau va hai duong thang d va d'
cit ba mat phfmg lan lwot tai 4, B,
AB

C (thudc d)va A4, B',C' (thudc d"') thi:
AC  BC

A

Dao: Trén hai duong thang chéo nhau @ va b lan luot 14y cac diém 4,B,C va
AB _ AC _ BC

!B! AICI

B'C'

A'B'" AC" B
luot nam trén ba mit phang song
phang.

A", B',C" sao cho

¢ Khi d6 ba dudng thang 44',BB',CC" lan

song hay chung cling song song vdi mot mat

Van dé 1: Chitng minh hai mat p
Cach 1:

hing song song

a,bc(a) a,b cit nhau va a,b < (a)
all(p) a',b' cat nhauvaa',b' (/)
=(a)// ha =(a)l/

b1/(p) (e)/1(8) Y Ve (@)//(B)
a,b cit nhau b//b'
Cach 2:

/1
{(“) ('B):a//(ﬁ)
ac(a)

Bai tap

Bai 1. Cho tt dién SABC. Goi M;N;P Ian luot la trung diém SA; SB; SC. Chitng minh:

(MNP) // (ABC).

Bai 2. Cho hinh chép S.ABCD. Goi M; N Ian luwot 1a trong tam tam giac SBC; SCD. P la

diém thudc canh SD sao cho SP =

%SD . Chting minh: (MNP) // (ABCD).

Bai 3. Cho hinh chép S.ABC. Goi D, E, F lan luot la trong tam cua cac tam giac SAB;
SBC; SCA. Chitng minh rang: (DEF) // (ABC).
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Bai 4. Cho hai hinh binh hanh ABCD va ABEF nam trong hai mit phang khac nhau.
Lay diém M; N lan luot thudc cac duwong chéo AC; BF sao cho MC =2AM; NF = 2BN.
Qua M; N vé cac duong thang song song véi AB cit cac canh AD; AF Tan luwot tai H; K.
Chttng minh rang:

a) (ADF)// (BCE) b) MN // DE
¢) HK// (DEF) d) (MNKH) // (DEF)

Van dé 2: Thiét dién ctia hinh chép tao boi mit phing («) song song véi mat
phang () cho truéc

Stt dung dinh ly: Néu hai mat phang song song bi cat boi mit phang thit ba thi hai
giao tuyén song song v4i nhau.

Bai tap
Bai 1. Cho hinh chép S.ABCD, day la hinh thang c6 day 1én AB, M la mét diém thudc
canh BC.

a) Thiét dién ctia hinh chép cat béi mit phang (P) qua M, song song véi (SAB) 1a hinh
gi?

b) Goi EF lan luot la giao diém ctia mat phéng (P) v6i SD va SC. Chttng minh réng:
Giao diém I ctia NE va MF chay trén mot duong thang cd dinh.

Bai 2. Cho hinh chép S.ABCD c6 ddy la hinh binh hanh. Trén cac canh SA, CD, BC ta lan
N g SM CN CP , C s
lwot 1ay cac diém M, N, P sao cho ——=——=——. Chttng minh rang: MN // (SBC).
SA CD CB
Bai 3. Cho hinh binh hanh ABCD. Vé 4 tia Ax, By, Cz, Dt song song cung chiéu va
khong nam trong mit phiang (ABCD). Dyng mét phang (OL) di dong cat 4 tia nay lan
lwot tai A’, B, C’ va D".

a) Chuing minh (AA’B’B) // (CC'D’D).

b) Chtng minh (AA’D'D) // (BB’C’C).

¢) Ching minh A’B’C’D’ 1a hinh binh hanh.

d) Chiing minh AA” + CC’=BB’ + DD".

e) Tam O’ ctia hinh binh hanh A’B’C’D’ ludn nam trén duong thang ¢ dinh.

Bai 4. Cho hai hinh vudng ABCD va ABEF khong dong phang. Trén hai duong chéo
AC va BF ta Ian luot 18y hai diém M, N sao cho AM =BN. Tit M, N ké cac duong
thdng song song véi AB va cat AD, AF lan luot tai M’ va N’
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a) Chtng minh: (ADF) // (BCE).
b) Chttng minh: (DEF) // (MNN'M’).
c) Ching minh: MN // (CDEF).

Bai 5. Cho tit dién SABC c6 SA =SB = SC. Ké lan luot cac tia phan gidc ngoai Sx, Sy, Sz
cta cac goc ASB, BSC, CSA trong ASAB, ASBC, ASCA. Chttng minh réng: Sx, Sy, S5z
dong phang.

Bai 6. Trong m4t phang (OL) cho 2 tia Ox va Oy ¢§ dinh. T A x:/ ((x), ke tia Az song

song cung chiéu véi Ox. Trén Ox, Oy, Az lay M, N, P di dong thoa: OM = ON = AP.

a) Chung minh: (MNP) // mp(B) cO dinh.

b) Chtng minh: (IJK) // (oc) ,v6il, ], K1a trung diém OA, MP, NP.

¢) Chiing minh: K chay trén mot duong thang ¢ dinh.

Bai 7. Cho hinh chép S.ABCD. Goi M, N Ian Iuwot la trung diém cta SA, SC.

a) Xac dinh thiét dién ctia hinh chép khi cat béi cdc mat phang qua MN va song song
vdi (SBD).

b) Goil, ] lan luot 1a giao diém ctia hai mat phang trén véi AC. Chirng minh rang:
AC =21J.

Bai 8. Cho hinh chép S.ABCD c6 day la hinh binh hanh tam O. Goi E la trung diém

ctia canh SB va diém I thudc doan OD.

a) Chiing minh: SD // (ACE).

b) Xac dinh thiét dién ctia hinh chép khi cit béi mit phang (o) qua va song song
v6i mat phang (ACE).

Bai 9. Cho hinh chép S.ABCD day la hinh binh hanh tam O. Goi [, J, K Ian luwot la

trung diém ctia cac canh SB, AB, SC. Lay diém M tuy y trén canh AD.

a) Chtng minh: JK// (SAD).

b) Xac dinh thiét dién ctia hinh chép bi cat bdi (P) qua M va song song véi (SAB).

Bai 10. Cho hinh chop S.ABCD day la hinh binh hanh tam O ¢c6 AC=a, BD =b.Tam
gidc SBD la tam giac déu. Mot mat phang (P) lvu dong song song véi mp(SBD) va qua
diém I trén doan AC .

a) Xdc dinh thiét dién ctia hinh chép véi mat phang (P).
b) Tinh dién tich thiét dién theo a, b va x = AL
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Bai 11. Cho hinh chép S.ABCD ddy la hinh binh hanh tam O. Goi E la trung diém SB.
Biét tam giac ACE déu va AC = OD = a. Mt mat phang (P) di dong song song voi
(AEC) va qua I trén doan OD; (P) cit AD, CD, SC, SB, SA Tan luot M, N, P, Q, R.

a) Cb nhan xét gi vé tam gidc PQR va t& giac MNPR?

b) Tim tap hop giao diém ctia MP va MR khi I di ddng trén doan OD.

c) Tim dién tich da giac MNPQR theo a va x =DI . Tinh x d€ dién tich dy 16n nhat.
d)

Vén dé 3: Hinh ling tru - Hinh hop
1. Hinh lang tru

Cho 2 mit phang (P) va (P') song song nhau. Trén (P) cho da gidc 4,4,...4,. Qua
cac dinh ctia da gidc nay, ta vé cac duong thang song song nhau va lan luot cit
mat phang (P') tai cac diém tuong tngla 4, 4,",..., 4, ".

Hinh gom hai da gidc 4,4,...4,, 4,'A4,"...A,' va cac hinh binh hanh

AA'A' A, 4,4, A4, .. A A" A" A deoc goi la hinh lang tru.

Kihiéu: 4,4,..4,4"'4,"..4,".

Luu y:

e Hinh lang tru c6 ddy la hinh tam giac dwoc goi la hinh ling tru tam gidc.

e Hinh lang tru c6 day la hinh binh hanh dwoc goi la hinh hip.

2. Hinh chép cut

86



Truong THPT Lé Quy Péon BAI TAP TOAN KHOI 11 - HOC Ki I

A, Ay
Cho hinh chép S.4,4,...4, va mit phing (P) khong qua dinh, song song v6i mit
day, cét cdc canh bén SA,, S4,,...,84, Tan lwot tai 4, ', 4,",...,4,".
Hinh tao boi thiét dién 4,'4,'...4,' va day A A4,...4, cung cac t& giac
A'A) A A, A, A A4, .. A A A A, deoc goi la hinh chép cut .
Kihiéu: A A,..A.A"A,"..A".

Bai tap

Bai 1. Cho lang tru tam giac ABC.A’B'C’. Goi ], J, KTan luot la tdm cua cac hinh binh

hanh ACC’A’, BCC'B’ va ABB’A’.

a) Chung minh: IJ // (ABB’A”); JK// (ACC'A’); IK // (BCC'B’).

b) Chting minh: Ba duwong thang AJ, CK, BI dong quy tai diém O.

¢) Chiing minh: (IJK) song song v6i mat phang ddy cta lang tru.

d) Goi G, G’ Ian luot 1a trong tdm ctia A ABC va A A’B’C’. Chting minh rang: G, O, G’
thang hang.

Bai 2. Cho lang tru ABC.A’B'C’. Goi M, M’ lan luot 1a trung diém BC va B'C'.

a) Tim giao diém ctia A’'M véi (AB'C').

b) Tim giao tuyén d ctia (AB’C’)va (A’BC).

c) Chting minh giao diém G ctia d v6i (AMA’) chinh la trong tam caa AB'C’.

Bai 3. Cho hinh hop ABCD.A’B'C’'D’. Goi G,, G, lan luot la trong tam tam giac A’BD

va CB'D’.

a) Chung minh rang: (A’BD) // (CB'D’).

b) Chtng minh: G,, G, chia doan AC’ thanh ba phan bang nhau.

c) Goil, KIan luot la tdm cta cac hinh binh hanh ABCD, BCC'B’. Xac dinh thiét dién
tao boi (A’IK) véi hinh hop.
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Bai 4. Cho hinh hop ABCD.A’B'C'D’. Goi M, N, P Ian luot la trung diém C'D’, A’A,
BC.

a) Chung minh rang: (MNP) // (ACD").
b) Tim thiét dién ctia hinh hop bi cat béi mit phang (MNP).

Bai 5. Cho hinh hop ABCD. A B,CD,. Goi O, latam caa A B,.C,D

B,.CD,. \B,.C,D, vaK E lan luot la

trung diém cua CD, BO,.
a) Chuing minh r?mg: Ee (ACB1 )
b) Xac dinh thiét dién ctia hinh hop bi cat béi (P) qua diém K va song song véi (ACE).

Bai 6. Cho hinh hop ABCD. A,B,C,D,. Goi M, N Ian luot la hai diém nam trén hai

1717171°

DN ,
canh AD, CD, sao cho ﬂ =1 Chttng minh: MN // (BDCl) va xac dinh thiét
MD NC;

dién ctia hinh hop bi cat boi (P) qua MN va song song voi (BDCl) .

Bai 7. Cho hinh ldng tru ABC. A B,C, .Trén canh AB kéo dai 1dy di€ém M sao cho

AB=-2AM.

a) Xac dinh thiét dién cua hinh lang tru tao boi (P) qua M, B, va trung diém E cta AC.
. . . 1.~ DB

b) Tim giao diém D ctia BC vdi (MBlE). Tinh ti s0 DC

Bai 8. Cho hinh lang tru ABC. A B,C,. Goi M, N, P lan luot la trung diém cua

AA ,AC,BC,.

a) Xac dinh thiét dién ctia hinh lang tru bi cat boi (MNB, ).

b) Xac dinh thiét dién cta hinh lang tru bi cit boi (MNP).

Bai 9. Cho hinh lang tru ABC. A B,C,. Goi ], ], KIan luot 1a trong tam ctia cac tam giac
ABC, ACC,, A B,C,. Chimg minh ring: (IK) //(BB,C,C) va (A JK)//(A,B,).

Bai 10. Cho hinh lang tru ABC. A B,C,. Goi H la trung diém cta A B, .

a) Chuing minh r?mg: B.C// (AHC1 )

b) Tim d =(AB,C,)n(A,BC) va ching minh: d //(BB,CC, ).

c) Xac dinh thiét dién ctia hinh lang tru bi cit boi mit phéng (H,d).
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